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Abstract
In SU(3) simplest little Higgs model, a characteristic particle is the light pseudoscalar boson η,
it leads interesting signals in the LHC/ILC and is studied in literature with different parameter-
izations. In this work, we show that these different descriptions for η particle are equivalent up
to some SU(3) rotations as long as we suitably redefine the pseudo Goldstone boson fields. We
evaluate the necessary SU(3) rotations and built up explicit expressions for redefined fields.
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1
The Higgs boson is the last ingredient of the Standard model (SM), its properties attract
lots of our attentions either in experiments and in theories. Experimentally, precision mea-
surements of electroweak parameters give indirect limit on the mH to be less than 186 GeV
at 95% confidence level(C.L.)[1] and direct search by LEPII experiments gives a lower bound
of 114.4GeV at the 95% C.L.[2]. Theoretically, numerous new physics models are invented
with different roles of Higgs in the models. Among them, a class of little Higgs models
are proposed to soften hierarchy problem [3]. In these models, relatively light Higgs boson
mass is due to its identity as a pseudo Goldstone boson of some enlarged global symmetries.
Among various little Higgs models, the simplest little Higgs model [4, 5] is attractive due
to its relative simple theory structures. The model is based on the [SU(3)×U(1)X ]2 global
symmetry with its diagonal subgroup SU(3) × U(1)X gauged. The vacuum expectation
values of two SU(3) triplet scalar fields Φ1 and Φ2 spontaneously break both the global
and the gauge symmetries. Uneaten pseudo Goldstone bosons are SU(2)L doublet h and a
pseudoscalar η. The typical feature of simplest little Higgs model is the existence of this η
particle, as a pseudo Goldstone boson, it should be light and the upper and lower bounds of
its mass were estimated in Ref.[6], roughly speaking in GeV range below electroweak scale
v =250GeV. Due to its lightness, η may affects the physics significantly and leads interesting
phenomenologies at next generation of high energy colliders [6, 7, 8, 9, 10]. For the theoret-
ical computations on the phenomenologies related to η particle, pseudo Goldstone bosons h
and η should be written as a combination field Θ which is defined as
Θ =
1
f
[
η√
2
T +Θh] Θh =

 0 h
h† 0

 (1)
h is a doublet which will become the SM Higgs, η is a real pseudoscalar field, T is its generator
matrix, the original choice of T matrix is T = T8
√
3/
√
2 [4] with T8 = diag(1, 1,−2)/2
√
3
be SU(3) generator. The two SU(3) triplet scalar fields in the model are expressed in terms
of pseudo Goldstone boson field Θ and their vacuum expectation values f1 and f2 as [5]
Φ1 = e
iΘ
f2
f1


0
0
f1

 Φ2 = e−iΘ
f1
f2


0
0
f2

 (2)
where f 2 = f 21 + f
2
2 , With them the bosonic part Lagrangian of the model involving pseudo
Goldstone field is
2
L = [(∂µ + igAaµT a −
i
3
gxA
x
µ)Φi]
†[(∂µ + igA
a
µT
a − i
3
gxA
x
µ)Φi] + µ
2
(
Φ†1Φ2 + Φ
†
2Φ1
)
(3)
with Aaµ and A
x
µ be SU(3) and U(1)X gauge fields respectively.
In practical calculations, for pseudo Goldstone field Θ given in (1), people use unit matrix
I to replace original SU(3) generator T = T8
√
3/
√
2 [5, 6, 7, 8, 10]. The reason to replace
SU(3) generator with unit matrix is explained in Ref.[6] in a footnote as that the choice of
SU(3) generator introduce kinetic mixing of the η with unphysical Goldstone bosons, remov-
ing this mixing by appropriate field redefinitions is equivalent to choosing T proportional to
the unit matrix. This explanation is not easy to read out directly from (2) and (3). We have
checked that the global symmetry broken is SO(6)/SO(5), both T8 and I can be embedded
into SO(6) and they are all belong to a same broken generator plus some other different
unbroken generators, in this sense, two parameterizations should be identical. I commute
with all the other broken generators and the mixing should be minimal. If this judgment is
correct, T8 must produce same result as that from unit matrix I. Consider the importance
of η particle in the simplest little Higgs model, in this paper, we present a explicit proof of
this equivalence by showing that we can choose redefined fields η˜ and h˜ to make the changes
of two SU(3) triplet fields Φ1 and Φ2 from choice of T = T8
√
3/
√
2 to T = I is equal to a
local SU(3) rotation and therefore can be rotated away. i.e.
eid
′Θ
h˜e
i
f
f2
f1
( η˜√
2
I+Θ
h˜
)


0
0
f1

 = eid(
√
3η
2
T8+Θh)e
i
f
f2
f1
(
√
3η
2
T8+Θh)


0
0
f1

 (4)
and
eid
′Θ
h˜e
− i
f
f1
f2
( η˜√
2
I+Θ
h˜
)


0
0
f2

 = eid(
√
3η
2
T8+Θh)e
− i
f
f1
f2
(
√
3η
2
T8+Θh)


0
0
f2

 (5)
where d and d′ are two η and h dependent dimensional parameters which make the total
argument on the exponential dimensionless, we will fix d and d′ later. Once (4) and (5)
are valid, we can take SU(3) rotations to rotate away the phase factor eid
′Θ
h˜ in l.h.s. and
3
eid(
√
3η
2
T8+Θh) in r.h.s. of (4) and (5), then choice of T = T8
√
3/
√
2 and T = I become
equivalent. To prove (4) and (5), we find they are equivalent to following identity
e
i
f2
ff1
η˜√
2
I+i(d′+ f2
ff1
)Θ
h˜Φ0 = e
i(d+
f2
ff1
)(
√
3η
2
T8+Θh)Φ0 (6)
e
−i
f1
ff2
η˜√
2
I+i(d′− f1
ff2
)Θ
h˜Φ0 = e
i(d−
f1
ff2
)(
√
3η
2
T8+Θh)Φ0 (7)
with Φ0 = (0, 0, 1)
T . We now discuss how to realize (6) and (7). Because the special form
the parametrization, the exponential of eiΘh˜ at l.h.s. of (6) and (7) can be work out explicitly
through explicit computations order by orders, one can show that for some constant c
eicΘh˜ = I +
[cos(cH˜)− 1]
H˜2
Bh˜ + i
sin(cH˜)
H˜
Θh˜ (8)
with Bh˜ = Θ
2
h˜
=

h˜h˜† 0
0 H˜2

, and H˜ = (h˜†h˜) 12 , Eq.(8) then leads
e
i( c
′ η˜√
2
I+cΘ
h˜
)
Φ0 = e
ic′ η˜√
2
[
cos(cH˜)Φ0 + i
sin(cH˜)
H˜
Φh˜
]
(9)
with definition of Φh˜ =

h˜
0

.
Further calculations on eic(
√
3η
2
T8+Θh) needs some care, since T8 matrix is not commute
with Θh. Consider
T8 =
1
2
√
3


1 0 0
0 1 0
0 0 −2

 = 12√3(I − 3T˜ ) (10)
T˜ =


0 0 0
0 0 0
0 0 1


then we consider
eic(
√
3η
2
T8+Θh)Φ0 = e
i cη
4 eic(−
3η
4
T˜+Θh)Φ0 (11)
One can check that
(−3η
4
T˜ +Θh)
n = an−1(−3η
4
T˜ +Θh) + an−2Bh (12)
4
with an = (−3η/4)an−1 + H2an−2, n ≥ 2, a0 = 1, a1 = −3η/4, H =
(
h†h
) 1
2 . Solve the
recursion relation, we obtain
an =
αn+1 − βn+1
α− β (13)
where
α =
−3η/4 + ρ
2
, β =
−3η/4− ρ
2
(14)
ρ =
√
9η2/16 + 4H2 (15)
With this result, then
eic(−
3η
4
T˜+Θh) = I + [−1 + e− 3icη8 (−3iη/4
ρ
sin
cρ
2
+ cos
cρ
2
)]
Bh
H2
+ e−
3icη
8
2i sin cρ
2
ρ
(−3η
4
T˜ +Θh)(16)
and
eic(−
3η
4
T˜+Θh)Φ0 = e
− 3icη
8 [−i3η/4
ρ
sin
cρ
2
+ cos
cρ
2
]Φ0 − e−
3icη
8
2i sin cρ
2
ρ
Φh (17)
Introduce a phase angle
tan∆(x, y) =
3x/4√
9x2/16 + 4y2
tan
√
9x2/16 + 4y2
2
(18)
eic(
√
3η
2
T8+Θh)Φ0 then can be expressed as
eic(
√
3η
2
T8+Θh)Φ0 = e
−i{ cη
8
+∆[cη,cH]}
√
1− 4H
2
ρ2
sin2
cρ
2
Φ0 + e
− icη
8
2i sin cρ
2
ρ
Φh (19)
Demand η and h fields satisfy
η =
1
a
η˜ h =
1
b
e−i∆[cη,cH]h˜ (20)
with a and b be two dimensionless parameters depend on η and h, then compare (19) with
(9), as long as we demand
b′ia
η√
2
+ δ = −ciη
8
−∆[ciη, ciH ] (21)
|cos (c′ibH)| =
√
1− 4H
2
ρ2
sin2
ciρ
2
(22)
sin (c′ibH)
H
=
2 sin ciρ
2
ρ
(23)
5
with i = 1, 2, δ = pi, 0 for cos (c′ibH) take negative and positive values respectively, and
c1 = d+ b1 c
′
1 = d
′ + b1 b1 =
f2
ff1
c2 = d− b2 c′2 = d′ − b2 b2 =
f1
ff2
(24)
then we will have (6) and (7). It is easy to see (22) and (23) are equivalent, then only
(21) and (23) are independent equations from which and (24) we can solve out parameters
a,b,d,d′. With the solution and combine with (18), we can rewrite (20) as
η˜ = − c1η
4b′1
√
2
−
√
2
b′1
arctan
[
3η/4
ρ
tan
c1ρ
2
]
(25)
h˜ =
hei∆[c1η,c1H]
c′1H
arcsin
[
2H sin c1ρ
2
ρ
]
(26)
in which c1 and c
′
1 are constrained by
c1η
4b′1
√
2
+
√
2
b′1
arctan
[
3η/4
ρ
tan
c1ρ
2
]
=
c2η
4b′2
√
2
+
√
2
b′2
arctan
[
3η/4
ρ
tan
c2ρ
2
]
(27)
1
c′1
ei∆[c1η,c1H] arcsin
[
2H sin c1ρ
2
ρ
]
=
1
c′2
ei∆[c2η,c2H] arcsin
[
2H sin c2ρ
2
ρ
]
(28)
in which from (24), c2 and c
′
2 related to c1 and c
′
1 by
c2 = c1 − b1 − b2 c′2 = c′1 − b1 − b2 (29)
Once c1 and c
′
1 is fixed, parameters d and d
′ are fixed then through (24). Up to this stage,
we achieve the proof of (6) and (7) and then the choice of T = T8
√
3/
√
2 and T = I become
equivalent. This method can be applied further to the case of that T matrix is proportional
to T˜ and then as predicted by Ref.[6] that this choice of T matrix is also equivalent to
T = T8
√
3/
√
2 and T = I.
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